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TECHNICAL NOTE D-430 

VIBRATION AND NEAR-FIELD SOUND OF THIN-WALLED CYLINDERS 

CAUSED BY 1 N " A L  TURBULENT FLOW 

By Paul F. R. Weyers 

SUMMARY 

The present invest igat ion concerned noise produced by turbulent  flow 
adjacent t o  a f l ex ib l e  wall .  Measurements of the  spectrum and i n t e n s i t y  
of the  pressure f i e l d  outside thin-walled Mylar cylinders containing t u r -  
bulent pipe flow have been made. The resu l t ing  spectra  could be in t e r -  
preted i n  r e l a t ion  t o  the  e l a s t i c  propert ies  of t he  cylinders and the  
character of t he  turbulent f luctuat ions inside the  flow. 
quencies of the  cylinders could be ident i f ied  and s imi l a r i t y  parameters 
f o r  t h e  spectra  were established. 
ori the s p e c t r m  and in t ens i ty  of the pressure f1uctuatior.s was inves t i -  
gated. It w a s  found tha t  the  in t ens i ty  of the ex terna l  pressure f i e l d  
scaled with the  f i f t h  power of the veloci ty  a t  t he  center of t h e  pipe. 

The eigen fre- 

The e f f ec t  of cylinder w a l l  thickness 

For one pa r t i cu la r  case the  spectrum and in t ens i ty  of t h e  pressure 
f luc tua t ions  exerted by the  turbulent flow on the  w a l l  were measured. 
The in t ens i ty  of t h e  pressure f luctuat ions a t  t h e  w a l l  scaled with t h e  
fourth power of the  ve loc i ty  as expected. The r a t i o  of t he  root-mean- 
square w a l l  pressure t o  the  dynamic pressure was found t o  be independent 
of Mach number and equal t o  a constant (0.0078). 
t he  spec t ra  of t he  wall-pressure f luctuat ions were a l so  confirmed. 

S imi la r i ty  l a w s  f o r  

INTRODUCTION 

The sound f i e l d  inside a i r c r a f t  i n  f l i g h t  can be t raced  t o  a va r i e ty  
of sources, one of which i s  the  turbulent airflow over t h e  fuselage skin.  
It i s  a matter of p rac t i ca l  experience t h a t  the  boundary layer  contr ibutes  
l i t t l e  t o  t h e  sound f i e l d  inside t h e  fuselage a t  speeds up t o  a f e w  hun- 
dred m i l e s  per hour. 
layer-induced cabin noise has not received much a t ten t ion .  However, t he  
advent of high subsonic and supersonic commercial a i r c r a f t  has stimulated 
i n t e r e s t  i n  t he  mechanism of noise production by a turbulent  boundary 
layer. 

Accordingly, in t h e  past  t h e  problem of boundary- 



To develop the general  idea underlying boundary-layer noise analy- 
sis, it i s  most convenient t o  start with the simplest case of air  flowing 
pas t  a r i g i d  surface. In  t h i s  case, t he  turbulent  flow is the only 
source of sound. The sound i s  radiated in to  the free stream. This 
mechanism of sound generation has been discussed by P h i l l i p s  (refs. 1 
and 2)  and by Curle (ref.  3 )  from a theo re t i ca l  point of view; however, 
the analysis  w a s  handicapped by a lack of experimental information on 
the propert ies  of the pressure f luc tua t ions  a t  a r i g i d  w a l l .  The first 
experimental data  came from Willmarth (refs. 4 and 5 ) ,  who measured the 
spectra  and space-time cor re la t ion  of the  pressure f luc tua t ions  a t  a 
r i g i d  wal l  f o r  boundary layers  of various thicknesses . l  The experiments 
were made i n  a wind tunnel  which w a s  spec i f i ca l ly  designed f o r  t h i s  pur- 
pose. The pressure f luc tua t ions  were measured w i t h  sophis t icated barium 
t i t a n a t e  transducer equipment (ref. 7) over a Mach number range from 
0.2 t o  0.8. The measurements showed t h a t  the cor re la t ion  function had 
a pa r t i cu la r  shape and t h a t  the pressure f luctuat ions a t  the w a l l  were 
convected a t  an average speed of 0.82 times the  free-stream speed. 
Wil lmarth 's  r e s u l t s  es tabl ished t h a t  the  cor re la t ion  of the  pressure 
f luc tua t ions  w a s  destroyed i n  a downstream distance equal t o  approxi- 
mately ten times the boundary-layer thickness.  

Also, 

I n  prac t ice  one usual ly  deals w i t h  a f l ex ib l e  skin. It then becomes 
convenient t o  r e s t r i c t  the problem t o  the  case of small skin def lect ions.  
In  other  words, the skin def lect ions are assumed s m a l l  enough so t h a t  
they w i l l  not induce time-dependent pressure gradients of t he  same order 
of magnitude as the forcing function (e.g., as i n  the case of panel 
f l u t t e r ) .  
skin i s  e s sen t i a l ly  the same as i f  the skin were r ig id .  

Under these conditions, the forcing function on t h e  f l e x i b l e  

The f luc tua t ing  forces  on t h e  w a l l ,  caused by the turbulent  boundary 
layer,  are the  w a l l  s t a t i c  pressure and the  shearing stress. 
it i s  usually assumed tha t  f o r  t h i n  skins  the  w a l l  t ransmits pressure 
only by def lect ing l a t e r a l l y .  
may be ignored i n  t h i s  case. 

However, 

Consequently, the e f f e c t s  of shear s t r e s s  

The process of transmission of boundary-layer noise through the  
t h i n  f l ex ib l e  skin can then be thought of as follows: 
tua t ing  wall  pressure a c t s  as a dr iving force on the  skin, pushing the  
elastic skin i n  and out.  
of d i s t r ibu ted  pistons,  creat ing a pressure f i e l d  i n  the s ta t ionary  
medium which cons t i tu tes  t he  "cabin. It 

The random f l u c -  

In  turn,  the motion of t he  skin a c t s  as a set  

I n  order t o  simplify the analysis  one usual ly  assumes that the  
motion of the skin i s  described by a l i n e a r  equation. 
assumed tha t  generation of a random pressure f i e l d  i n  t h e  s ta t ionary  

Also, it i s  

'Einstein and L i ,  reference 6, previously measured the autocorrela- 
t i o n  of wall-pressure f luctuat ions of o i l  flow i n  an open channel flume. 
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medium is  a l i n e a r  rad ia t ion  problem. 
solving the  problem are  similar t o  those required t o  ca lcu la te  the  
response of a l inea r  system t o  a s tochast ic  forc ing  funct ion of s eve ra l  
var iab les .  

The mathematical techniques f o r  

The above approach was taken by Corcos and Liepmann (ref. 8). They 
considered the  rad ia t ion  of sound from a la rge  randomly v ib ra t ing  f la t  
p l a t e  exci ted by a turbulent  boundary layer .  The problem has a l s o  been 
considered by Kraichnan ( r e f s .  9, 10, and 11) and Ribner ( r e f .  12). 
authors assumed a given spec t r a l  d i s t r ibu t ion  f o r  the  pressure f luctua-  
t i ons  i n  the  boundary layer .  
tua t ions  were convected. Kraichnan t rea ted  the skin as an assembly of 
f l a t  square sect ions which v ibra te  independently, while Ribner considered 
an i n f i n i t e  sheet.  Kraichnan and Ribner worked with a s p e c t r a l  function; 
Corcos and Liepmann preferred t o  work w i t h  the cor re la t ion  function. 

Both 

Also, both assumed t h a t  t he  pressure f luc -  

Unfortunately, the  theo re t i ca l  treatment of a l l  models required many 
assumptions because of an almost complete lack  of any experimental da t a  
on the  transmission of pressure f luctuat ions across  a f l e x i b l e  skin.  
Also, a t  the time the above r epor t s  were wr i t t en  no data on t h e  proper- 
t i e s  of the  wal l  pressure were available.  

It became desirable  t o  obtain experimental information on t h i s  
matter. A f i r s t  s tep  i n  such a program i s  the  se lec t ion  of a su i t ab le  
skin configuration, and various configurations were considered. It was 
decided t o  work with a thin-walled cylinder r a the r  than with a t h i n  f la t  
p l a t e .  
t r y  of i t s  ex terna l  pressure f i e l d .  Furthermore, it was decided t o  make 
the  flow inside the cylinder f u l l y  developed turbulent  pipe flow. Pipe 
flow w a s  chosen because of the existence of excel lent  experimental da ta  
on the s t ruc ture  of turbulence i n  pipes (ref. 13). 

One obvious advantage of a vibrat ing cylinder i s  the  axial symme- 

The general  aim of the present experimental invest igat ion w a s  t o  
make an exploratory study of t he  transmission of pressure f luc tua t ions  
through an e l a s t i c  skin. 

The power spectrum of the pressure f luc tua t ions  i n  the  s t a t iona ry  
medium outside the vibrat ing cylinder i s  a function of the power spectrum 
of the  wal l  pressure and the impedance of the thin-walled cylinder.  The 
power spectrum of the  pressure a t  the w a l l  of  a cylinder containing f u l l y  
developed pipe flow has never been measured. Also, l i t t l e  i s  known abou% 
the  impedance of thin-walled cylinders of f i n i t e  length.  One could argue 
i n t u i t i v e l y  t h a t ,  f o r  a ce r t a in  forcing function, the impedance of a f i n i t e  
cyl inder  depends on i ts  length, diameter, thickness,  boundary conditions,  
mater ia l  propert ies ,  and damping. It would take many experiments t o  
inves t iga te  the  e f f ec t  of each of these var iables .  
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The present work was r e s t r i c t e d  t o  an invest igat ion of t he  following 
points  : - 

(1) The spectrum and in t ens i ty  of the  pressure f luc tua t ions  a t  the 
w a l l  of an e l a s t i c  cylinder. 

( 2 )  The e f f e c t  of w a l l  thickness on t h e  spectrum and in t ens i ty  of 
the  pressure f luc tua t ions  a t  a point outside an e l a s t i c  cylinder.  

(3) The e f f e c t  of w a l l  thickness and pressure difference across the  
The length, W 
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w a l l  on t h e  na tura l  frequencies of vibrat ion of a cylinder.  
diameter, boundary conditions, and material of the  cylinder were not 
changed i n  the  experimental program. 

The present invest igat ion w a s  conducted a t  the  Guggenheim 
Aeronautical Laboratory of t he  Cal i fornia  I n s t i t u t e  of Technology under 
t h e  sponsorship and with the  f inanc ia l  ass is tance of the  National 
Advisory Committee f o r  Aeronautics as p a r t  of a long-range aerodynamic 
noise study d i rec ted  by Dr. H. W. Liepmann. The advice, c r i t i c i sms ,  
encouragement, and assis tance of t he  Drs. H. W.  Liepmann, W. W. Willmarth, 
and Y. C.  Fung, and M r .  G. T. Skinner, and Mrs. Dorothy Diamond are grate- 
f u l l y  acknowledged. In  addition, discussions with Dr. G. M. Corcos of 
t h e  University of Cal i fornia  were much appreciated and proved t o  be very 
use fu l  in  in te rpre t ing  some of the  r e s u l t s .  

SYMBOLS 

C var iable  

d diameter of cylinder,  1 in. 

E Young's modulus of Mylar, 550,000 p s i  

f na tu ra l  frequency of v ibra t ion  of cylinder,  cps 

f (xp,zp,t) 

F(kl,k2,'u) 

random force per un i t  m a s s  exerted by pressure f luctua-  
t i ons  on f l a t  p l a t e  

spectrum densi ty  of w a l l  pressure i n  space and time 

F(n) spectrum densi ty  of pressure f luc tua t ions  i n  time 

klJk2 wave numbers i n  xp and yp direct ions,  respect ively 

K1J2 wave numbers i n  x and 'p direct ions,  respect ively 
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number of circumferential waves in cylinder 

length of Mylar cylinder, 11 in. 

number of axial half waves in cylinder 

frequency, cps 

nondimensional axial tension in shell due to internal 
pressure, RX - 

E? 

nondimensional circumferential tension in shell due to - 
internal pressure, - Nv 

ET 

stress resultants in s h e l l  due to internal pressure, 
force per unit len$h 

static pressure difference across cylinder wall 

instantaneous value of pressure fluctuations 

dynamic pressure, p U o  1 2  

Reynolds number 

radial distance from center of cylinder 

time 

thickness of cylinder wall 

mean velocity at any point in pipe 

maximum value of mean velocity 

velocity fluctuation in axial direction 

normal velocity of skin element 

velocity fluctuation in radial direction 

velocity fluctuation in tangential direction 
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2 
mean square acceleration of skin element 

Xp(kl,k2,0;) impedance of flat plate 

x K 1 , K p a ) '  impedance of cylinder 

coordinate along flat plate in free-stream direction xP 

X longitudinal coordinate along pipe 

skin deflection normal to flat plate 
yP 

Y 

=P 

V 

P 

P S  

skin deflection of cylinder wall in radial direction 

coordinate along flat plate normal to free-stream direction 

admittance of cylinder wall 

attenuation coefficient 

nondimensional parameter, 
2L 

kinematic viscosity of air 

density of air 

density of Mylar, 0.05 lb/in.3 

0 

7 time internal 

9 azimuthal coordinate 

Pl("d/Ud nondimensional spectral function 

Poisson's ratio of Mylar, 0.316 

p* ( n/no 1 nondimensional function 

nondimensional function P,(n/no) 

Q(d autocorrelation function 

u) frequency, radians/sec 
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APPARATUS AND METHODS 

Pipe Fac i l i t y  

The present invest igat ion was carried out using the  apparatus shown 
i n  figure 1. 
sure regulator ,  which i s  a high-capacity regula tor  of t h e  balanced- 
diaphragm type. 
separate high-precision p i l o t  regulator  which w a s  operated manually. 
After leaving the regulator ,  t he  a i r  was passed through a muffler. 
purpose of the muffler w a s  t o  absorb the noise produced i n  t h e  supply 
system by the  valves of the pressure regulator.  The sound absorption 
process was done a t  approximately one-tenth of the air speed i n  the pipe 
proper. The contraction at the  end of the muffler accelerated the low- 
noise  air  in to  a 1-inch-diameter seamless brass pipe 8 f e e t  long w i t h  a 
w a l l  thickness of 1/4 inch. 
i n  the pipe.  Between sect ions of the  pipe, a short ,  very thin-walled sec- 
t i c n  was inser ted  through which pressure disturbances could pass r ead i ly  
i n t o  an enclosure containing a microphone. The enclosure w a s  l i ned  w i t h  
Fiberglas  and acted as a small-scale axechoic chamber. The a i r  w a s  then 
exhausted through another muffler placed around t h e  e x i t  of t he  pipe.  
The purpose of t h e  second muffler vas t o  &sm?? zr?y Jet. noise. 

The avai lable  air  supply was f i l t e r e d  by a Norgren air  pres- 

The output of the regulator was control led by means of a 

The 

Ful ly  developed turbulent  flow was establ ished 

Muffler System 

The muffler o r ig ina l ly  consisted of a 10-inch-diameter s t e e l  casing 
7 feet  long. The 10-inch-diameter section w a s  reduced i n  two stages t o  
a 1-inch-diameter sect ion by means of concentric swage nipples.  The 

blanket of 3 lb / f t3  density,  bonded together by thermosetting p l a s t i c  
r e s in .  The Fiberglas w a s  held i n  place by a r o l l e d  sheet of punched 
aluminum, 0.023 inch thick,  w i th  3/32-inch-diameter holes on l / b i n c h  
centers .  
t iveness  of the Fiberglas blanket.  
diameter aluminum tube. 

acoust ic  l i n i n g  inside the casing consisted of a 5 - i n c h - t h i c k  7 Fiberglas  8 

The inner aluminum l in ing  did not  appreciably reduce the  e f fec-  
The air  passed through the  3-inch- 

The sound-absorption charac te r i s t ics  of the muffler were checked as 
follows. A loudspeaker, driven by an o s c i l l a t o r  and amplifier,  was con- 
nected t o  one end of the muffler, the  o the r  end being sound-insulated. 
For a constant loudspeaker input, the sound l e v e l  inside t h e  muffler was 
measured w i t h  an Altec-Lansing 21-BR-150 condenser microphone a t  various 
poin ts  i n  the  muffler. The r e s u l t s  of the tes t  are shown i n  figure 2. 

As expected, the  muffler w a s  not very e f f i c i e n t  i n  absorbing sound 

I 
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d under 200 cps; however, as far as the  experiment w a s  concerned, t he  
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frequency range from 0 t o  200 cps i s  of l i t t l e  in t e re s t .  It can a l s o  be 
seen from f igure  2 t h a t  a t  the  higher frequencies, say above 6,000 cps, t h e  
muffler i s  not quite so e f f i c i e n t  as i n  the range from 200 t o  6,000 cps. 
This may be due t o  resonances i n  the  cross sect ion of t he  3-inch-diameter 
aluminum tube. I n  order t o  m a k e  sure t h a t  the  higher frequencies were 
suf f ic ien t ly  absorbed, the muffler was modified. Two baffles were added, 
as shown i n  f igure 1, and the muffler was lengthened as w e l l .  It is  a 
well-known f a c t  t ha t  ba f f l e s  o r  bends i n  an acoustic system are very good 
high-frequency sound absorbers. It w a s  calculated t h a t  t he  bends provided 
an additional attenuation of at l e a s t  40 decibels.  

Thin-Walled Cylinder 

The thin-walled sect ion which transmits t he  pressure disturbances 
was or ig ina l ly  made of paper; however, the  use of paper was found t o  be 
unsatisfactory because it absorbed the moisture i n  the  air .  A new material 
known as  Mylar was then used. 
E. I. du Pont de Nemours & Co., Inc. The advantages of Mylar are: 

It i s  a polyester f i l m  made by the 

(1) The density i s  low, about one-half t h a t  of aluminum. 

( 2 )  It i s  avai lable  i n  s m a l l  thicknesses, ranging from 0.00025 t o  
0.0075 inch. 

(3)  It does not absorb moisture. 

(4 )  It has a low Young's modulus, namely, 550,000 ps i .  

(5) It has a high t e n s i l e  strength,  approximately 20,000 p s i .  

WI 
1 
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(6)  I t s  physical propert ies  are uniform i n  almost every sheet of 
material .  

I n  the  present work four d i f f e ren t  thicknesses were used, t h a t  is, 
0.0005, 0.001, O.OOl5, and 0.0021 inch. 

The Mylar cylinders were made and in s t a l l ed  as follows. A sheet 
of Mylar was ro l l ed  onto a 1-inch-diameter s t e e l  rod, and the edges were 
cemented together i n  a l ap  j o i n t .  The width of the  jo in t  was approxi- 
mately 1/4 inch. Two bushings were cemented t o  the  Mylar tube and the  
former were locked t o  t h e  s t e e l  rod as shown i n  f igure  3 .  The whole un i t  
was then s l i d  in to  the  anechoic chamber. 
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Anechoic Chamber 
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The bushings were held i n  place by means of lock screws as shown i n  
f igure  4. Final ly ,  the  s t e e l  rod was withdrawn leaving the Mylar cylinder 
pe r fec t ly  located inside the  chamber. The two 1-inch-diameter pipe sec- 
t i o n s  were then coupled t o  the  anechoic chamber. T h i s  technique s a t i s f i e d  
both the  acoust ic  and aerodynamic requirements of a smooth continuous 
j o i n t  between the  brass  pipe and the Mylar tube. 

To make sure t h a t  the  Mylar tube was not appreciably a f fec ted  by any 
mechanical vibrat ions O-rings were used throughout the system. 

It w a s  decided t o  use an anechoic chamber r a t h e r  than a reverberat ion 
chamber because w i t h  a reverberation chamber it would have been d i f f i c u l t  
t o  d i s t inguish  between the na tura l  frequencies of the  chamber and those 
of the  v ibra t ing  cylinder.  The present Fiberglas configuration in s ide  
the  chamber w a s  chosen t o  insure that the microphone measured the  pressure 
f i e l d  s e t  up by the  v ibra t ing  w a l l  element d i r e c t l y  underneath it. 
sound f i e l d  w a s  e s sen t i a l ly  at normal incidence t o  the  microphone, t.he 
souEd f i e l d  i n  the other  d i rec t ions  being absorbed by the  Fiberglas  l in ing .  

The 

P 

I .  

If the acoust ic  l i n ing  had been merely a t h i n  s t r i p  along the w a l l  
of the chamber, then the microphone would have discriminated against  the 
high-frequency sound coming from the  ends of the  v ibra t ing  tube because 
the rad ia t ion  pa t te rn  of high-frequency sound from a source is very d i rec-  
t i ona l .  There w a s  one more reason for  t he  choice of t h i s  p a r t i c u l a r  
Fiberglas configuration. It is  wel l  known t h a t  the  response of the  micro- 
phone i s  more or  l e s s  the same f o r  low-frequency waves i r respec t ive  of 
t h e i r  angle of incidence. T h i s  i s  not so at high frequencies. O f  course, 
the above considerations would not have been important if a shor t  cylinder 
had been used i n  the  experiment; however, a short  cylinder would have put 
a severe constraint  on the possible  modal configuration. That is, a short  
tube would have discriminated against  rad ia t ion  of sound a t  the  longer 
wave lengths .  

Measurement of Mean Velocity and Pressure 

The mean ve loc i ty  p r o f i l e  at  a s t a t ion  a f e w  diameters downstream 
of the t e s t  sect ion was measured w i t h  a s m a l l  total-head tube.  
was made of 0.04-inch-diameter nickel tube stock with 0.003-inch w a l l  
thickness.  
In  the measurements the s t a t i c  pressure was assumed constant across  the 
pipe. 
as the mouth of the total-head tube. 
i n  f igure  5 .  

The probe 

The t i p  of t he  probe w a s  f l a t t ened  t o  an opening of 0.007 inch. 

It was measured a t  the w a l l  and i n  the  same cross-sect ional  plane 
A t yp ica l  ve loc i ty  p r o f i l e  is  shown 

f ,  
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It was noted t h a t  t he  presence of the ' total-head tube i n  the  pipe 
produced sharp peaks i n  the  spectrum of t h e  pressure f luc tua t ions  outside - 
t he  Mylar tube. Subsequently, t h e  probe w a s  removed and t h e  s ta t ic  pres- 
sure at the  w a l l  a t  a s t a t i o n  100 diameters upstream of the  t es t  sect ion 
w a s  cal ibrated against  t he  mean ve loc i ty  a t  the  center of t he  pipe a t  the  
microphone s ta t ion .  

The s ta t ic-pressure d i s t r ibu t ion  i n  the  d i rec t ion  of t h e  flow was 
measured through pressure taps  located on both s ides  of the  t es t  section. 
It w a s  found t h a t  approximately 30 minutes were needed t o  measure each 
power spectrum of  t he  external  pressure f i e l d ,  and 30 minutes were con- W 
sidered a minimum i n  order t o  provide adequate t i m e  averaging. It thus ' 1  
became necessary t o  check whether t he  pressure regulator  system w a s  cap- 2 
able of maintaining constant ve loc i ty  i n  view of t h e  f luc tua t ing  campus a 
supply pressure. It w a s  found experimentally t h a t  t he  pressure regulator  
was able t o  hold the  mean ve loc i ty  a t  the  center of the  pipe t o  within 
+1/2 percent i n  a range from 100 t o  450 feet per second. In  the  experi- 
ments the mean ve loc i t i e s  varied from approximately 120 t o  350 feet  per  
second. 

Microphone Equipment I 

An Altec-Lansing 2l-BR-l5O condenser microphone w a s  used f o r  a l l  
pressure measurements a t  points  outs ide the  cylinder. The diameter of 
t he  microphone button w a s  approximately 5/8 inch. The microphone w a s  
separated from the  anechoic chamber by means of a th ick  rubber l i n ing  
t o  avoid vibrat ion pickup. 
f o r  normal incidence sound waves by the  Western Electro-Acoustic Laboratory 
i n  Los Angeles ( f i g .  6 ) .  
vibrat ing cylinder necessi ta ted t h e  use of a condenser microphone system. 
However, t h e  measurement of the  pressure f luc tua t ions  a t  the  w a l l  of a 
Mylar cylinder was made with a barium t i t a n a t e  transducer. 

\ 

The microphone was ca l ibra ted  up t o  40,000 cps 

The weakness of t he  sound f i e l d  outside the  

I 

The barium t i t a n a t e  transducer used i n  the  present work w a s  designed 
by Willmarth ( r e f .  7) .  
cemented in to  a recess  i n  a brass  f i t t i n g .  The gap around the  disks  was 
sealed by a t h i n  coating of radio cement covering the  exposed surface.  
The diameter of the  barium t i t a n a t e  element was approximately 5/32 inch 
and t h e  thickness of each disk was 0.040 inch. The outside diameter of 
t he  brass  f i t t i n g  w a s  approximately 5/16 inch. 
element was s l i g h t l y  concave t o  allow f o r  t he  curvature of t he  pipe. The 
barium t i t a n a t e  pressure transducer assembly i s  shown in  f igu re  7. 

It consisted of two barium t i t a n a t e  disks  

The outer  face of t h e  

The transducer w a s  ca l ibra ted  i n  a shock tube and the  s e n s i t i v i t y  
w a s  found t o  be 0.76 x 
f l a t  from approximately 5 t o  50,000 cps. 
transducer, t h a t  is, i t s  design and method of ca l ibra t ion  may be found 
i n  reference 7. 

volts/dyne/cm2. Its frequency response was 
A de ta i led  descr ipt ion of the  



ii 

Electronic Equipment 

w 
1 
2 
8 

It became necessary t o  develop a low -noise cathode-follower preampli- 
f i e r  f o r  use with the  barium t i t a n a t e  transducer. The noise l e v e l  of t h e  

r 

preamplifier was 5 x lo-' vo l t s  f o r  the band from 0 t o  00 cps. 
quency response of t he  preamplifier was found t o  be f l a t  within 22 percent 
over t h e  range 300 t o  50,000 cps. 
range w a s  47. The preamplifier c i r cu i t  i s  shown i n  f igure  8. 
t ion ,  a second amplifier was used which had a f la t  frequency response 
from 10 t o  lo5 cps. Since the band width of the  l a t te r  amplif ier  w a s  
considerably wider than t h a t  of t he  preamplifier, t he  response of t h e  
combination was f lat  within 22 percent over t he  range from 3 0  t o  

The fre- 

The gain of the  preamplifier over t h i s  
I n  addi- 

50,000 cps. 

The wave analyzer used in  the experiment was a Dormer Model 21 wave 
analyzer having a constant band w i d t h  from 30 t o  30,GOO cps. 
pass cha rac t e r i s t i c s  of t h i s  instrument are shown i n  f igure  9. 

The band- 

The measurements taken with t h e  Altec-Lansing 2l-i jR-i5O condenser 
microphone did not require use of the preamplifier because i n  t h i s  case 
there was no signal-to-noise r a t i o  problem. Also, t he  Altec microphone 
contained i t s  o w n  cathode follswer mi! hence no addi t ional  cathode f o l -  
lower was necessary. However, the  a m p l i f i e r  mentioned above w a s  used t o  
boost the output voltage of t he  Altec microphone. The only o ther  e lec-  
t ron ic  equipment employed i n  t h e  present work were a variable band-pass 
f i l t e r  (Krohn-Hite Model 3lO-AB), a vacuum-tube voltmeter (Hewlett-Packard 
Model 400 C ) ,  and an oscilloscope. 

GENERAL CONSIDERATIONS 

Response of a Linear System t o  a Random Force 

The response of t he  e l a s t i c  skin of t he  Mylar cylinder t o  t h e  i n t e r -  
n a l  wall-pressure f luctuat ions can be studied qua l i t a t ive ly  by considering 
a simple problem. 

It is ins t ruc t ive  t o  study the response of a l i nea r  system t o  a 
random forcing function of several variables (refs. 8, and 14 t o  18). 
As an example, consider the  response of a large f l a t  p l a t e  exc i ted  by a 
turbulent  boundary layer.  
and Liepmann (ref.  8). 

This par t icu lar  problem was analyzed by Corcos 

Suppose t h a t  the  motion of t he  p l a t e  i s  described by a l i n e a r  d i f f e r -  
e n t i a l  equation in  y f(xp,zp,t) be the  random force  per  un i t  
m a s s  exerted by the  pressure f luctuat ions i n  t h e  boundary layer  on the  

L e t  P' 



12 

p la t e .  The forcing function f(xp,zp,t) i s  characterized by i t s  power 
spec t ra l  densi ty  F(kl,k2,u) 
of the wave numbers k l  and k2 ( i n  the xp and zp d i rec t ion)  and of 
t he  frequency a, t h a t  i s  

which is  assumed t o  be a continuous function 

I n  the present work the configuration under consideration was a 
thin-walled cylinder and not a f la t  p l a t e .  The arguments per ta ining t o  
the  case of a f la t  p l a t e  hold qua l i t a t ive ly  f o r  the  case of a thin-walled 
cylinder containing turbulent  flow; however, the  analogy wi th  the f l a t  
p l a t e  i s  less d i r e c t  because of circumferential  r e s t r i c t i o n s  on the 
cylinder. 

If t h e  length of the cylinder i s  f i n i t e ,  it i s  no longer permissible 
t o  ignore the end conditions. Physically it means that  axial standing 
waves occur i n  addition t o  circumferential  standing waves. The cylinder 
exhib i t s  resonance a t  a set of d i sc re t e  frequencies corresponding t o  the 
na tu ra l  frequencies of vibrat ion.  

I n  the  lowest frequency range the  na tu ra l  frequencies are qui te  
discrete. 
t he  difference between consecutive na tu ra l  frequencies decreases rapidly.  
Eventually the  na tura l  frequencies are bunched so closely that  they 
approach the l i m i t  of continuous resonance. When t h i s  happens, t he  spec- 
t r u m  of t h e  mean-square w a l l  def lec t ion  is  smooth and conditions approach 
those of t h e  idealized model discussed above, hence t h e  spectrum of t h e  
pressure f luc tua t ions  a t  a point outs ide the cylinder i s  expected t o  show 
severa l  peaks a t  the  lower frequencies followed by an increasingly smooth 
spectrum a t  t h e  higher frequencies. 

A s  the number of axial and circumferential  modes increases, 

The invest igat ion w a s  pr imari ly  concerned w i t h  t he  measurement and 
ana lys i s  of t h e  pressure f luc tua t ions  a t  the higher frequencies. 

The response of the cyl inders  a t  t h e  lower frequencies, t h a t  is, 
the occurrence and nature of t he  d i sc re t e  frequencies of vibration, i s  
analyzed i n  t he  appendix. 

Now suppose t h a t  the  p l a t e  i s  la rge  enough compared w i t h  the corre- 

Under these con- 
l a t i o n  l e n g t h  of  the wall-pressure f luc tua t ions  that  the average p l a t e  
motion i s  not sensibly affected by the end conditions. 
d i t i o n s  one may use a r e s u l t  from generalized Fourier analysis  which 
states tha t  f o r  a function defined by i t s  power spectrum and mean values, 
one may write: 

W 
1 
2 
a 
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The above equation describes t h e  re la t ion  between the  power spectrum of 

the input F(kl,k2,cu), the  mean-square def lect ion y ( o r  output),  and 
the  square of the absolute value of 

The value of 1 Xp kl,kz,u)/ 

P 
Xp(kl,k2,u). 

can be calculated.  It is  the  square /I ( 
of t h e  Fourier transform of the  fundamental solut ion of t h e  l i n e a r  d i f f e r -  
e n t i a l  equation f o r  t he  skin deflection. Hence, i n  order t o  obtain t h e  
response of a l i n e a r  system t o  a random forcing function one has t o  know 
the impedance of the system and the  power spectrum of the  forcing function. 

It i s  obvious t h a t  resonance w i l l  occur whenever the term 
I 1l i~( ic l ,k2 ,cu) (~  assumes a minimum value. 
(ref.  8) t h a t ,  f o r  a n  i n f i n i t e  p la te ,  resonance occurs continuously over 
the whole frequency spectrum. 
i q u t  i s  "sxmt.h," then i n  t h e  idealized case the  spectrum of the output 
cannot show any sharp peaks. 

Tn f ac t ,  it can be shown 

In  other words, i f  the spectrum of the 

EXPERIMENTAL RESULTS 

Pressure Fluctuations a t  Cylinder Wall 

The measurement of the pressure f luctuat ions a t  the w a i l  of the  
cylinder was made as follows. A s  shown i n  f igure  7, the s l i g h t l y  concave 
face of t h e  transducer was pressed against the skin of a Mylar cylinder 
having a w a l l  thickness of 0.0005 inch. 
d i r ec t  contact w i t h  the barium t i t ana te  element a t  a l l  times. The method 
i s  unorthodox and needs c l a r i f i ca t ion .  

I n  other words, t he  skin w a s  i n  

The contact of the transducer with the  skin obviously a f fec ted  the  
motion of t he  skin by creat ing a nodal point a t  the place of contact. 
However, i n  t h i s  par t icu lar  measurement one i s  not interested i n  the  motion 
of the skin nor i n  the external  pressure f i e l d .  The quant i ty  of i n t e re s t  
was t h e  spectrum of the in te rna l  pressure f luctuat ions at t h e  w a l l  of the 
cylinder.  Assuming small skin deflections,  the propert ies  of the  pressure 
f luc tua t ions  a t  the wall were not sensibly affected by the motion of t h e  
skin. The presence of the skin on top of the  barium t i t a n a t e  element 
obviously gave r ise t o  a cer ta in  degree of attenuation. 
thickness was very th in ,  namely 0.0005 inch, and the  density of the 

However, the w a l l  
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material  was low. Also, t he  s t i f f n e s s  of a Mylar sheet is  very s m a l l  

t h e  above method, although not ideal ,  may be expected t o  y ie ld  reasonably 
accurate information on the  propert ies  of t he  w a l l  pressure i n  turbulent  
pipe flow. This view i s  supported by the  experimental r e su l t s .  Two 
typica l  power spectra  of the  pressure f luc tua t ions  at t h e  w a l l  are p lo t t ed  
i n  figure 10. 

compared w i t h  the  s t i f f n e s s  of the  barium t i t a n a t e  element. Accordingly, -. 

Pressure Fie ld  a t  Point Outside Cylinder 

Originally, it had been intended t o  measure the  sound l e v e l  i n  both 
the  "near f ie ld ' '  and the "far f i e l d . "  However, it became evident t h a t  
the  sound l e v e l  i n  the far f i e l d  was much too weak f o r  measurement with 
any type of pressure pickup. I n  f a c t ,  even a t  a f e w  diameters away from 
t h e  center of the pipe, t he  pressure f i e l d ,  although measureable, was 
s t i l l  weak. It w a s  decided t o  make a l l  pressure measurements outside the  
cylinder a t  a s t a t ion  3/4 inch from the  center of the  pipe, where the  
distance from the  w a l l  t o  the microphone was 1/4 inch. 

The pipe exhausts t o  atmosphere and the  pressure i n  the  anechoic 
Hence as the veloci ty  i s  increased, t he  chamber is a l s o  atmospheric. 

pressure difference across the thin-walled cylinder i s  increased. Con- 
sequently the diameter of the e l a s t i c  cylinder increased a l i t t l e  with 
increased in te rna l  pressure.  The increase i n  diameter f o r  t h e  thinnest  
cylinder, 0.0005-inch w a l l  thickness, was measured t o  be 0.01 inch. It 
was f e l t  t h a t  t h i s  small decrease i n  distance between the  microphone and 
the  cylinder w a l l  did not appreciably a f f ec t  the  magnitude of the  observed 

\ 

pressure f luc tua t ions  a t  the  microphone s t a t ion .  -. 

Two sets of power spectra  of t he  external  pressure f o r  cylinders of 
wall thickness 0.0005 inch and 0.001 inch are shown i n  figure 11. 

The logarithm of the  root-mean-square pressure at the  w a l l  i s  p lo t t ed  
against  t he  logarithm of the  ve loc i ty  at the  center of t he  pipe i n  f i g -  
ure 12, and t he  logarithm of the  root-mean-square pressure a t  the s t a t i o n  
r / d  = 3/4 is p lo t t ed  against  t he  logarithm of t h e  ve loc i ty  a t  t h e  center 
of the  pipe i n  f igure  13.  The experimental r e s u l t s  show t h a t  the  mean- 
square pressure i s  proportional approximately t o  the  f i f t h  power of the  
velocity.  

Next, a curve of best  f i t  was drawn through the  smooth high-frequency 
p a r t  of each power spectrum. 
curves scaled i f  t he  parameter - was p lo t ted  as a function of 

A s  s ta ted before, the diameter of the  cylinder was not varied with experi-  
ments. 
2 t o  1. 

It was found that ,  f o r  each cylinder,  t he  
F(n) 

p2u04 id. \ 

The veloci ty  i n  most tests was changed by a r a t i o  of approximately d 



8.  

"he r e s u l t s  of t h i s  phase of t he  work are shown i n  figure 14 f o r  
cylinders of w a l l  thickness 0.0005, 0.001, 0.0015, and 0.0021 inch, 
respect ively.  

DISCUSSION 

Pressure Fluctuations at Wall 

The existence of f u l l y  developed turbulent flow in  a pipe implies 
t h a t  t h e  ve loc i ty  p r o f i l e  has approached a universal  form. The dominant 
var iab les  tha t  describe the  mean turbulent flow are p, Uo, and d. 

The pipe flow experiments of Laufer (ref. 13) establ ished t h a t  the  
turbulent ve loc i ty  f luctuat ions u ' ,  v ' ,  w '  are proportional t o  Uo 
and t h a t  the  cor re la t ion  function does not depend on Uo. 

"he pressure f luc tua t ion  p' i s  proportional t o  pu'u' and hence 
one pressure can be formed proportional t o  
t i o n a l  t o  d. 

pUo2 arid one length,  propor- 

I n  t h e  present work the  magnitude of the mean veloci ty  was su f f i -  
c i en t ly  low t o  w a r r a n t  the  assumption of incompressible flow. 
one would expect the mean-square w a l l  pressure t o  be proportional t o  
T h i s  w a s  checked experimentally, and the  r e s u l t  i s  shown i n  figure 12. 
It was found that  the r a t i o  of the root-mean-square pressure t o  the  
dynamic pressure was a constant (O*.OO78). 
t h a t  the  r a t i o  of root-mean-square wall pressure t o  dynamic pressure was 
a constant (0.006) f o r  a turbulent boundary layer . )  

Accordingly 
U04. 

(Willmarth (ref.  5 )  found 

An examination of the  power spectra ( f ig .  10) indicates  the existence 
of one o r  two sharp peaks i n  each spectrum. It is  f e l t  t h a t  the peaks 
are not associated with the  in t e rna l  flow. A l s o ,  s ince the transducer 
response i s  f la t  between 5 t o  50,000 cps they cannot be t raced  t o  the  
transducer either.  The transducer touched the  cylinder and it i s  thought 
tha t  t h e  f i n i t e  s i ze  of the  transducer put a constraint  on the  motion of 
the skin causing a disturbance which was fed t o  the barium t i t a n a t e  ele- 
ment i n  the form of a sharp peak. 

S imi la r i ty  Parameters 

The select ion of nondimensional parameters f o r  the case of pressure 
f luc tua t ions  at the w a l l  w a s  arr ived a t  as follows. 
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The mean-square pressure a t  the  w a l l  can be wr i t t en  i n  i t s  power 
spectral  form 

If the skin def lec t ion  i s  s m a l l  the  w a l l  pressure i s  a function of t h e  
internal  flow variables  only and not of t he  e l a s t i c  proper t ies  and con- 
s t r a i n t s  of the  cylinder. From the  preceding discussion it i s  seen t h a t  
t he  mean-square w a l l  pressure i s  proportional t o  
problem has one charac te r i s t ic  length proportional t o  d. 

W 
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p2U04 and t h a t  the  

In order t o  describe the  spec t r a l  p roper t ies  of t he  pressure f luc -  
tuat ions it i s  necessary t o  make a statement about t h e  frequency. 
assumed t h a t  a charac te r i s t ic  frequency no f o r  t he  pressure f luc tua-  
t i ons  is  proportional t o  

It i s  

Uo/d, t h a t  i s ,  the  cha rac t e r i s t i c  frequency 

UO no = - 
d 

Hence equation (3)  may be wr i t ten  as 

so t h a t  

(4)  

The universal  function i s  determined from the  experiments. "he 
. .  

smooth p a r t  of each power spectrum, say above 1,000 cps as shown i n  f i g -  
ure  10, was p lo t t ed  i n  nondimensional form i n  f igure  15. The p lo t  i n  
f igu re  15 shows t h a t  the  spectra  scaled with veloci ty  as prescribed by 
equation ( 6 ) .  
investigated.  

The scaling of t he  spectra  with diameter was not 

The scal ing laws f o r  the pressure f luc tua t ions  outside the  Mylar 
cylinder were derived i n  a s imilar  fashion; however, now one has t o  
include the e f f ec t  of the  cylinder w a l l .  
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For a given cylinder, t h a t  is, given e l a s t i c  proper t ies  and con- 
s t r a i n t s ,  the  mean-square pressure a t  a given distance away from the  
pipe i s  wr i t t en  as 

- 
p2 =Jr F(n)dn ( 7 )  

The spec t r a l  densi ty  function F(n) 
r ( n ) ,  a term proportional t o  t h e  admittance of t h e  cylinder,  and 
t h e  spec t ra l  densi ty  of the  pressure f luctuat ions a t  the  w a l l ,  

can be expressed as a product of 
F1(n), 

F(n) = r (n)Fl (n)  ( 8 )  

For the  case of t he  ex terna l  pressure f i e ld ,  it i s  useful  t o  dea l  with 
two cha rac t e r i s t i c  frequencies. 

frequency of t he  flow The 

other  i s  t h e  cha rac t e r i s t i c  frequency o f  the  material 

One frequency i s  t h e  cha rac t e r i s t i c  

no = !Q which has  already been discussed. 
d 

n l ,  where 

C n1 = - 
d ( 9 )  

The var iable  
on the  e l a s t i c  propert ies  of the  material. 

c i s  assumed t o  be a charac te r i s t ic  ve loc i ty  which depends 

Hence equation (7) can be w r i t t e n  a s  

00 - 
P2 =d F(n)dn = & J ~ ~ ~ ~  

so t h a t  

The form of F1(n) i n  equation (8) i s  given by equation (6) .  If one 
assumes t h a t  the function r (n)  i n  equation (8) i s  of form 
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then one can wri te  equation (11) as 

F(n) = - - 
"0 "1 

The object of t h i s  simple analysis  w a s  t o  f ind  scal ing laws f o r  t h e  
spectra of t he  pressure f luc tua t ions  if the  flow ve loc i ty  w a s  varied i n  
a cylinder of f ixed s i z e  and material. Since the  cylinder configuration 
w a s  fixed, only one typ ica l  length w a s  needed fo r  dimensional purposes. 
The diameter of the pipe was chosen as t h e  cha rac t e r i s t i c  length because 
it i s  associated with the  flow charac te r i s t ics .  

Equation (12) suggests t h a t  the  spectra  of t he  pressure f luc tua t ions  
outside the  cylinder scale  w i t h  flow ve loc i ty  i f  the  spec t ra l  function - 

nd -. F(n) i s  p lo t ted  against  t h e  nondimensional parameter 
3 - F  UO p uo 

Substi tution of equation (12) i n t o  equation (7) gives the  r e l a t i o n  

Hence, for  a given cylinder,  t he  mean-square pressure a t  a given dis tance 
from the cylinder va r i e s  as t h e  f i f t h  power of t h e  veloci ty .  

External Pressure F ie ld  

It i s  in te res t ing  t o  compare the  power spectra  of t he  in t e rna l  pres- 
sure f luctuat ions a t  the  w a l l  with those measured outside the  cylinder.  
The spectra of t he  pressure f luc tua t ions  measured outside the  cylinder 
pass through t h e  or ig in ,  show several  sharp peaks, and extend over a wide 
frequency range. In  contrast ,  t he  power spectra  of the  pressure measured 
at  the  wall do not pass through the  o r ig in  and do not extend over as wide 
a frequency range. Also, most of t h e i r  energy i s  contained a t  t h e  lower 
frequencies. The reason f o r  the  parer  spectrum passiry through t h e  
o r ig in  and extending over a wide frequency range i n  one case and not i n  
t h e  other may be explained qua l i t a t ive ly  as follows. 

- 
Equation (2) suggests t h a t  t he  mean-square skin def lec t ion  # of 

the  cylinder i s  of t he  following form: 

W 
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2 
8 



19 

where F(K1,K2,u) 
X(Kl,K2,u) 
sure p2 
accelerat ion of a typ ica l  vibrat ing cylinder w a l l  element. 
one may write 

i s  the power spectrum of the w a l l  pressure and 
is the  impedance of t he  cylinder. Now, the  mean-square pres- 

- 
outside the cylinder i s  proportional t o  the  mean-square normal 

Therefore, 

Thle e f f e c t  of the u4 
trum t o  pass through the  or ig in ,  and i n  addi t ion it r a i s e s  the  very high- 
frequency pa r t  of the spectrum. 

term i n  the  numerator i s  t o  force  the  power spec- 

- 
The dependence of p2 on the  veloci ty  i s  shown i n  f igure  13. 

5 The experimental r e s u l t s  show t h a t  p2 i s  proportional t o  Uo , 
approximately. The author t e s t ed  eight cylinders of d i f f e ren t  w a l l  
thickness ranging from 0.0005 t o  0.0021 inch. 
exponent of the  ve ioc l ty  Tmried from a value of 4 .8  t o  a value of 5.15. 
I n  s i x  out of e ight  cases the  range of t he  exponent var ied f r o m  4.9 t o  

- 

I n  these  tests the  

5.10. 

The r epea tab i l i t y  of t he  t o t a l  root-mean-square pressure measure- 
ments was surpr is ingly good considering t h a t  t he  cyl inders  could not be 
made exact ly  the  same even though the i r  w a l l  thicknesses were ident ica l .  
The r e s u l t s  were repeatable within +5 percent.  A t y p i c a l  r e s u l t  i s  shown 
i n  f igu re  13( d)  . 

A curve of best f i t  was drawn through the  smooth high-frequency pa r t  
of each power spectrum. Typical examples a r e  shown i n  f igure  11. It w a s  
found t h a t  t h i s  pa r t i cu la r  sect ion of each power spectrum scaled with 
ve loc i ty  i f  the  power spec t r a l  function F(n)/  p2UO4 was p lo t t ed  against  
t he  nondimensional parameter nd/Uo f o r  each cylinder.  The r e s u l t s  are 
shown i n  f igure  14. 

The r epea tab i l i t y  of power spectra measurements was reasonably good. 
For instance,  a l l  power spectra  could be reproduced within +7 percent.  
A t yp ica l  case i s  shown i n  f igu re  14(e). 
spec t ra  measurements was not as good as t h a t  of t h e  measurements of 
versus veloci ty  because the  l a t te r  measurements could be taken i n  a r e l a -  
t i v e l y  short  time whereas a period of approximately 30 minutes w a s  needed 
f o r  each spectrum. During t h i s  time t h e  mean ve loc i ty  i n  the  pipe varied 
by 1 percent.  Also,  the  use of the wave analyzer introduced addi t iona l  
e r ro r s .  . 

The r epea tab i l i t y  of t he  power 
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In a l l  t e s t s ,  the  lower l i m i t  of ve loc i ty  w a s  usual ly  d i c t a t ed  by 
in tens i ty  requirements. 
l imitat ions of each thin-walled cylinder.  

The upper l i m i t  was set by "bursting" s t rength 

A curve of best f i t  w a s  drawn through each of t he  sets of power 
spectra shown i n  f igures  14(a) ,  14(b),  14 (c ) ,  and 14(d). 

An attempt w a s  made t o  f ind  a sca l ing  parameter which would include 
the  e f fec t  of  w a l l  thickness.  
quencies the  transmission of the pressure f luc tua t ions  i s  pr imari ly  
governed by the  mass of the  tube w a l l ,  

reasonably good scal ing.  

One would expect t h a t  a t  t he  higher f r e -  

Consequently, i f  the  
- 
p2 a z-*. 

spectral  function F(n)p-2Uo-4 i s  mult ipl ied by -2 t , one would expect 

This p lo t  i s  shown i n  f igu re  16(a).  

However, it i s  not obvious t h a t  the  phenomena are qui te  t h a t  simple. 
The response of an o s c i l l a t i n g  system i s  e i t h e r  s t i f fness - ,  res is tance-  
(damping), or  mass-controlled depending on whether t h e  dr iving frequency 
i s  l e s s  than, equal t o ,  or  grea te r  than t h e  na tu ra l  frequency ( ref .  19). 
This i s  t he  reason tha t ,  a t  the  higher frequencies,  one would f i rs t  t r y  
a scaling parameter based on the  mass l a w .  

However, i n  t he  present case, the  smooth p a r t  of t he  spectrum a t  t h e  
higher frequencies may be in te rpre ted  as a "continuous" resonance ( ref .  8).  
If t h i s  i s  correct ,  damping may play an important ro le .  Hence it i s  not 
completely ce r t a in  whether the  mass l a w  dominated the  phenomena. 

An analysis  w a s  made f o r  the  case of an i n f i n i t e  f l a t  membrane where 
The damping constant was assumed the  e f fec t  of a i r  damping was included. 

t o  be inversely proportional t o  the  w a l l  thickness.  
similar t o  the  one car r ied  out by Corcos and Liepmann ( r e f .  8) f o r  the  

i n f i n i t e  f la t  p l a t e .  F(n) P - ~ U O - ~ C  

versus ndUo 
involved many assumptions. 
r a the r  than planar. In  addition, it i s  not c e r t a i n  t h a t  t he  tubes behaved 
as membranes. 

The ana lys i s  w a s  

The calculat ions suggested a p l o t  of 

. The p lo t  i s  shown i n  f igure  16(b) .  The ana lys i s  
Also the  ac tua l  configuration i s  cy l ind r i ca l  

-1;1/2 

For instance, f o r  t h e  tube of w a l l  thickness 0.0005 inch, t a b l e  I 
shows that  various and appreciable amounts of energy went i n t o  s t re tch ing  
of t he  she l l  and, therefore ,  t he  tension may no longer have been constant. 

Although t h e  model w a s  not a good one, t he  f a c t  remains t h a t  the  
spec t ra  f o r  t he  various w a l l  thicknesses could be made t o  f a l l  together 
by using two d i f f e ren t  sets of scal ing parameters ( f ig .  16) .  

W 
1 
2 
8 
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Hence the  only conclusion one may d r a w  i s  tha t ,  i n  t he  present 
experiment, t he  e f f ec t  of w a l l  thickness on the transmission of t he  pres- 
sure f luc tua t ions  i s  not w e l l  understood. 

An inspection of t he  power spectra ( f i g .  11) shows the  existence 
of a "hump" i n  the  spectrum around 8,000 t o  9,000 cps. 
t i o n  it was found t h a t  the hump increased i n  amplitude with increased 
w a l l  thickness. It did not s h i f t  i n  frequency with increased speed. 
Also, as the  Fiberglas l ined  cavi ty  i n  which the  microphone was located 
w a s  increased i n  s ize ,  the  hump tended t o  disappear. Accordingly it w a s  
thought t h a t  t he  phenomena were associated with some kind of damped 
resonance inside the  acoustic cavity.  Consequently, the  presence of the  
hump was ignored. 

Upon investiga- 

It i s  rea l ized  that the anechoic propert ies  of t he  Fiberglas l i ned  
chamber are not perfect .  
pressure f luctuat ions occur a t  high frequencies and the  absorption char- 
a c t e r i s t i c s  of Fiberglas a t  high frequencies are reasonably good. 
radiated sound f i e l d  i s  e s sen t i a l ly  very weak and it i s  f e l t  t h a t  although 
some reverberation may have occurred a t  t h e  lower frequencies the  overa l l  
reverberation e f f ec t s  were small. 

However, it should be borne i n  mind t h a t  t he  

The 

The weakness of t he  external  sound f i e l d  may be explained as follows. 
It i s  thought t h a t  t he  running r ipples  i n  the  cylinder w a l l  were heavily 
damped. Three forms of damping may have occurred. However, it i s  thought 
t h a t  t h e  e f f e c t s  of both s t r u c t u r a l  and aerodynamic damping were small 
compared with the  damping which occurred because the  correlat ion function 
of t h e  forces  was r e l a t ed  over a distance. 

The l a t t e r  can cause considerable cancel la t ion of forces  act ing on 
the  cylinder w a l l ,  thus resu l t ing  i n  weak external  sound f i e l d s .  

CONCLUSIONS 

An invest igat ion of t h e  vibration and near-f ie ld  sound of thin-  
walled cylinders caused by in t e rna l  fu l ly  developed turbulent pipe flow 
w a s  made. In  the  experiments t he  cylinder w a l l  def lect ion was kept small 
compared with the  diameter. 
conclusions. 

The experimental r e s u l t s  led t o  the  following 

1. The spectra  of the pressure f luctuat ions a t  the  wal l  of the  pipe 
can be represented by the  r e l a t i o n  
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where gl(nd/U0) is  the  universal  function, F1(n) i s  the  spectrum 
density of pressure f luctuat ions i n  time, p i s  the  densi ty  of a i r ,  
Uo i s  the  maximum value of mean velocity,  and d i s  t h e  diameter of 
t h e  cylinder. 

2. The mean-square pressure a t  the  w a l l  va r ies  as the  fourth power 
of the  mean ve loc i ty  a t  the  center of the pipe. 

3. The r a t i o  of the  root-mean-square pressure a t  the  w a l l  t o  t h e  

W 
1 
2 
8 

free-stream dynamic pressure i s  a constant (0.0078). 

4. The mean-square sound pressure i n  the  near f i e l d  outside the  
cylinder varies as approximately the  f i f t h  power of t he  mean ve loc i ty  a t  
t h e  center of the  pipe. 

5 .  The spectra  of the  pressure f luc tua t ions  i n  the  ex terna l  near- 
f i e l d  scale with velocity.  

6. The e f f e c t  of increased w a l l  thickness on the  spectrum i s  t o  make 
the  higher frequency pa r t  of t h e  spectrum f la t te r .  No de f in i t e  s imi l a r i t y  
parameter, which would include t h e  e f f e c t  of w a l l  thickness, was found. 

7. The measurements indicate  t h a t  present cylinder vibrat ion theory 
i s  capable of predicting, qui te  accurately,  t he  occurrence of na tura l  
frequencies i n  thin-walled cylinders under in t e rna l  pressure when the  
cylinders are exci ted by turbulent flow. 

California I n s t i t u t e  of Technology, 
Pasadena, Calif., August 18, 1959. 
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APPENDIX 

NATURAL mQUENCIES OF VIBRATION OF THIN-WALLED cXIJNDERS 

It i s  always d i f f i c u l t  t o  determine precisely the  date  and author 

The subject i s  b r i e f l y  touched 
of a discovery. 
v ibra t ions  of t h i n  cy l indr ica l  she l l s .  
upon i n  textbooks by Morse ( r e f .  lg), Timoshenko (ref. 2 0 ) ,  and others .  

This seems t o  be the case with the work done on the  

The f i rs t  serious experimental work w a s  ca r r ied  out  by Arnold and 
Warburton (refs. 21 and 22).  
of i n t e rna l  pressure on the na tura l  frequencies of v ibra t ion  were not 
thoroughly investigated.  
( r e f .  24),  Fung, Sechler, and Kaplan (ref. 2 5 ) ,  and severa l  o thers  a l so  
worked on the  general  problem of vibrating cy l indr ica l  shells. 

However, i n  these experiments, t he  e f f e c t s  

Reissner ( ref .  23), Mirsky and Herrmann 

Reference 25 i s  the first serious work, both theo re t i ca l  and experi- 
mental, on the  e f f e c t s  of i n t e rna l  pressure on the na tu ra l  frequencies 
of vibrat ion.  In  the experiments conducted by Fung, Sechler, md K q l a n ,  
the cyl inders  were exci ted by a sinusoidal sound wave. In  the present 
work t h e  cylinders were excited by m e a n s  of turbulent pipe flow. In  t h i s  
case the pressure f luc tua t ions  a t  t h e  wall were produced by ve loc i ty  f luc -  
tua t ions  throughout the  pipe flow. The cylinders were excited by forces  
describable by a cor re la t ion  function having a pa r t i cu la r  shape. It i s  
probable tha t ,  as i n  Willmarth's  case, the  wal l  pressures are convected 
and lo se  t he i r  i den t i ty  a f t e r  being carried downstream over a ce r t a in  
distance.  However, since no space-time correlat ion measurenents of the 
w a l l  pressure were made it i s  not cer ta in  whether t h i s  i s  t rue .  

Measurements of the frequency spectra of the wal l  pressure have been 
made as shown i n  f igure  10. From these measurements it i s  possible t o  
ca lcu la te  the  autocorrelation function 

$(T )  =Lm F(n)cos(2fin~)dn 

The theory of vibrat ion of t h i n  cy l indr ica l  shel ls  under in t e rna l  
pressure i s  rather complicated; however, it is useful  t o  consider t h e  
frequency equation which i s  an e igenvalue  equation. 
mines the  various na tura l  frequencies of vibrat ion from the e l a s t i c  prop- 
er t ies  and constraints  of the  cylinder. 

This equation deter-  

For a simply supported thin-walled cylinder, the  simplified frequency 
equation states tha t  
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The f irst  term on the right-hand s ide of t he  equation describes the 
influence of s t re tching of the shell ,  aad the second term, the influence 
of bending. 
and hoop stress due t o  in t e rna l  pressure, respectively.  
cylinder, equation ( A l )  states that  the na tura l  frequency 
the following r e l a t i o n  

The last  two terns describe the influence of axial stress 
For a . p a r t i c u l a r  

i s  given by f 

f = f m 2  ( ' 7%) 

Consequently, if  f o r  a f ixed mode shape ( m , 2 )  one measures two values of 
t h e  natural  frequency f 
t he  w a l l  pd, then one can solve f o r  m and 2 .  

a t  two values of t h e  pressure difference across 

I n  t h e  present experimental investigation, the above-mentioned method 
w a s  used t o  determine the  na tura l  frequencies of vibrat ion of the  various 
cylinder s . 

Measurement of Natural Frequencies of Vibration 

Considerable time was spent making t h e  airflow acous t ica l ly  clean. 
Therefore, when it became evident that very sharp peaks occurred a t  the 
lower frequencies of the power spectra,  as shown i n  f igure 11, it was 
suspected that these peaks were associated w i t h  the na tura l  frequencies 
of vibration of the cylinder.  It w a s  a l so  observed that  the peaks shif ted 
wi th  the pressure difference across the  cylinder w a l l .  

Accordingly, it w a s  decided t o  measure carefu l ly  the  frequency of 
each peak i n  the  spectrum. 
were none too accurate on t h i s  model wave analyzer, the following experi- 
mental procedure w a s  adopted. 
tuned t o  show maximum deflect ion on the wave analyzer meter. 
from an o s c i l l a t o r  was then fed in to  the  wave analyzer. The f'requency of 
the  osc i l l a to r  w a s  adjusted t o  give maximum def lec t ion  on the  wave analyzer 
meter. The method i s  essen- 
t i a l l y  a step-by-step frequency ca l ibra t ion  of t he  wave analyzer f o r  each 
peak i n  the spectrum. It i s  a cumbersome but  accurate method. 

Because t h e  d i a l  readings a t  low frequencies 

Each peak i n  the spectrum was carefu l ly  
A s igna l  

Finally,  the  o s c i l l a t o r  frequency was read. 

The various resonant frequencies of each cylinder are p lo t ted  against  
the pressure difference across the  w a l l  a t  a s t a t i o n  d i r e c t l y  underneath 
the microphone. 
thicknesses 0.0005, 0.001, O.OOl5, and 0.0021 inch. 

The r e s u l t s  are shown i n  f igure 17 f o r  cylinders of w a l l  
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The power spectra  of the  pressure f luc tua t ions  measured outside the  
cyl inder  always exhibited a t  l e a s t  three and sometimes as many as s i x  
peaks. 
usual ly  w e a k  and considerably damped which made an accurate measurement 
of them somewhat d i f f i c u l t .  Accordingly, f igure  17 shows only the depend- 
ence of t he  first three  or  four  natural  frequencies on t h e  pressure d i f f e r -  
ence across  the w a l l .  
frequencies was considered good and well within f 2  percent.  

The f i f t h  and s ix th  resonance peaks, i f  they occurred, were 

The accuracy of the  measurement of the  na tu ra l  

The ca lcu la t ion  of the  corresponding t h e o r e t i c a l  na tu ra l  frequencies 
was made with the  a i d  of frequency equation ( A l ) ,  which involves two 
assumptions, both needing c l a r i f i ca t ion .  

The f i r s t  assumption i s  tha t  the cylinder is  " f ree ly  supported" i n  

The l a t t e r  i s  
such a manner t h a t  t he  ends remain c i rcu lar  and that no r e s t r a i n t  on the  
a x i a l  o r  tangent ia l  displacement i s  imposed a t  the  ends. 
not s a t i s f i e d  i n  the  experimental setup. The e f f e c t  of axial and tan- 
g e n t i a l  constraint  at  the  ends w i l l  be t o  raise the  value of t h e  na tura l  
frequencies by a few percent, pa r t i cu la r ly  a t  the lower mode m = 1. 

I n  addi t ion it i s  assumed i n  the theerji (ref.  25) thet  the  pressure 
d i f fe rence  across the  w a l l  i s  uniform along the  cylinder.  Since i n  the  
experiment the  cylinder contains turbulent pipe flow, a pressure gradient 
e x i s t s  along the pipe. The pressure difference across t h e  w a l l  of the 
cyl inder  at  the ends i s  within f10 percent of t he  pressure difference 
across  the  wal l  at the  microphone s ta t ion.  It i s  not known t o  what extent  
t he  pressure gradient a f f e c t s  the  natural  frequencies of v ibra t ion .  

The term i n  equation ( A l )  i s  associated w i t h  the  a x i a l  tension 
due t o  i n t e r n a l  pressure, but t h i s  contribution i s  small i n  the experiment. 
However, t he  influence of skin f r i c t i o n  must be considered. Accordingly, 
an estimate w a s  made of the tension in the  w a l l  due t o  skin f r i c t i o n .  
I ts  e f f e c t  w a s  found t o  be small. The value of t h e  various terms i n  
equation ( A l )  i s  shown i n  t ab le  I for  a cylinder of wal l  thickness 
0.0005 inch. Four modes of vibration were considered. 

From the  calculat ions it i s  apparent t h a t  most of t he  energy i s  
associated with the  hoop s t r e s s  and s t re tch ing  of the s h e l l .  
energy i s  absorbed by the  a x i a l  tension and w a l l  bending. 
i n t e re s t ing  t o  note t ha t  the '1 = 0 mode, i f  it i s  excited,  occurs at 
a very high frequency, well  above 15,000 cps. 
a considerable amount of energy t o  excite the cylinder i n  such a mode, 
a l l  the energy being absorbed by the s t re tch ing  of the  s h e l l .  

Very l i t t l e  
It i s  a l so  

T h i s  i s  because it requi res  
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It i s  important t o  note t h a t  t he  mode shapes were not independently 
measured. Consequently, the  comparisons between experiment and theory - 
as shown i n  f igure  17 are f o r  probable comparable modes. 
comparisons were thought t o  be f a i r l y  good since a s l i g h t l y  d i f f e ren t  
choice o f  mode parameters (m,Z) would have resu l ted  i n  theo re t i ca l  curves 
subs tan t ia l ly  d i f f e ren t  from the  experimental ones. Furthermore, t he  
microphone w a s  located a t  t h e  center of each cylinder.  It would there- 
fore  favor detect ion of mode shapes having an odd value of m, and, as 
shown i n  f igure  17, most of t h e  mode shapes have an odd value of 

However, the 

m. 

It i s  possible t h a t  addi t iona l  v ibra t ion  modes may have been present;  w 
however, they were not detected by the microphone. 1 

2 
Finally it should be noted t h a t  t h e  magnitude of the  response a t  the 8 

lowest eigen frequency is  not necessar i ly  the la rges t ;  t h a t  is ,  a l a rge r  
response may occur a t  an eigen frequency which i s  several  t i m e s  t he  low- 
es t  one. 
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